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Introduction
This effort is motivated by the need for affordable precision fires with timely lethality and low collateral damage. This need is especially urgent for indirect fire since range and angle-of-fall characteristics of these munitions are attractive in current conflicts. Programs have addressed precision munitions (1-4). These solutions have not attained widespread usage, however, due to factors such as excess technical complexity, individual unit production cost, overall program cost, limited performance, and difficulties associated with employing the technology on the battlefield.
A variety of technical challenges are posed during the development of gun-launched precision munitions. The shock and vibration encountered during the gun launch event impart thousands of time the force of gravity in vastly different frequency regimes on mechanical and electrical components. Gun rifling gyroscopically stabilizes the projectile in flight, which results in unique, complex flight dynamics. Constraints on handling, loading, tube launch, and system trades severely limit the space available for guidance components such as sensors, processors, and actuators.
Further challenges in the guidance, navigation, and control (GNC) for precision munitions include the balance of affordability with performance. A full suite of high-fidelity sensors and associated algorithms to provide estimates of all projectile and target states in flight is not fiscally feasible for a gun-launched application. Likewise, the maneuver system complexity must be minimized. A generalized GNC solution with minimal tailoring for different calibers enables rapid application of the technology with reduced aerodynamic characterization and timeconsuming gain scheduling. Achieving these affordability goals while still meeting performance objectives is a nontrivial task.
A simple, elegant solution to the affordable precision munition problem is offered in this effort. This system uses a single-axis control actuation system (CAS) with canards on a rolling finstabilized airframe. Emplacing the control mechanism at the nose of a fin-stabilized projectile provides the maximum control authority (5, 6) , which reduces the actuator burden. A global positioning system (GPS) receiver with upfinding provides information concerning the projectile state. The airframe development is essential to this concept. The roll rate of the projectile must meet CAS and GPS requirements. The control authority must be sufficient to remove ballistic dispersion errors and also provide range extension and trajectory shaping to steepen angle-offall. Furthermore, the statically stable airframe must be dynamically stable during flight since costly feedback sensors are not used for active damping. Dynamic stability may be inferred through characterizing the aerodynamics (7) (8) (9) . This precision munition solution is enabled by a novel guidance and control scheme, which is the focus of this work.
Guidance and control of projectiles has been explored in the literature (1, (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) . The concepts detailed in these papers include direct and indirect fire fin-stabilized and spin-stabilized projectiles with control mechanisms such as pulsed jets, canards, fins, and ram air. These guidance and control strategies can be loosely broken into approaches which track the state of the projectile near the current time (11, 12) and those which forecast the state of the projectile near the target (13) (14) (15) (16) (17) (18) (19) .
When precision munitions feature low control authority, the guidance system is often used simply to remove uncompensated error sources such as atmospheric effects, muzzle velocity variations, etc. In keeping with this approach, the guidance and control can be loaded with nominal trajectory information prior to launch. The goal of the flight controller at a given time becomes removing the difference between the appropriate projectile states with the nominal states. This technique has been explored by Jitpraphai and Costello (11) and Rogers and Costello (12) .
Impact point prediction is an attractive option in some situations. In this guidance scheme, the specific trajectory taken to remove miss distance is not as important as it is in the trajectory tracking approach. This is an important feature since over-control of control authority-limited precision munitions may occur when trajectory tracking algorithms are not properly constructed. Impact point prediction algorithms contain a dynamic model of projectile flight. This model is used to estimate the impact point of the projectile. The geometry of the miss distance forms a feedback loop to remove error between target and projectile impact. The control effort is often minimized since the physics of flight are built into impact point prediction. This guidance law has been shown to be a special form of traditional proportional navigation where the zero-effort miss and time-to-go are based on the impact point prediction (13) . Linear (13, 16, 17) and nonlinear (14, 15, 18, 19) control techniques have been applied to the impact point prediction guidance approach. Furthermore, states other than position, such as impact angle, may also be controlled at impact (17, 20) .
The present work makes a few contributions to the literature. The flight dynamic model used in the impact point prediction includes the control mechanism that permits novel trajectory shaping.
A new flight control law is developed that enables high precision and minimal tuning for a given airframe. Importantly, projectile states input to the flight dynamic model were obtainable from affordable, real-world devices. A balance was struck between dynamic model fidelity and the practical realities of data availability in flight. This algorithm reduced the control effort by building the ballistic flight (and, therefore, minimal energy) into the guidance scheme. Real-time implementation of the algorithm for flight experiments was facilitated by a closed-form solution to the flight dynamic equations. Lastly, the application of this guidance and control algorithm for the precision munition solution outlined previously and demonstration in end-to-end guided flight experiments validates these technologies.
This report is organized as follows: derivation of the guidance and flight control algorithm, experimental verification of the guidance and control during successful guide-to-hit flights, six degree-of-freedom (6-DOF) modeling and Monte Carlo system simulations demonstrating key features of the guidance and control such as precision, conservation of maneuvers, and trajectory shaping, and finally, experimental support for the rapid adaptability of the approach to different airframes.
Guidance and Flight Control Algorithm
A block diagram of the guidance and flight control algorithm is provided in figure 1 . The algorithm requires a few different types of input. Prior to each flight, the Earth-centered, Earthfixed (ECEF) coordinates of the gun ( at a rate of 1-5 Hz. The GPS also outputs a discrete pulse (denoted as up-pulse) when the GPS antenna is oriented up (i.e., perpendicular to the ground and toward the sky), which is interrogated to obtain roll orientation and roll rate. These data (gun location, target location, guidance start time, up-pulse, projectile position, and projectile velocity) are used in the algorithm to compute the guidance commands: canard amplitude ( c  ) and phase angle ( c  ). Recall the system concept for this effort. The canards oscillate to positive and negative deflection angles in sync with the roll orientation of the projectile. A reference sinusoid signal is formed based on information from the GPS and guidance and flight control algorithm for the canards to track. The GPS up-pulse provides the zero roll orientation and period of the sinusoid. The amplitude of the sinusoid and phasing with respect to the zero roll orientation are given by the guidance and flight control algorithm. Essentially, the magnitude of the maneuver is provided by the canard amplitude and the direction of the maneuver is given by the canard phase angle. This reference sinusoid is tracked by the maneuver system. For more description of this precision munition system, see Fresconi et al. (22) .
The details within the guidance and flight control block of figure 1 are the topic of this effort. While GPS data are in the ECEF frame the impact point prediction takes place in a local tangent plane frame, denoted as the gun-target line (GTL) frame. The origin of this frame is at the gun and the x-axis (referred to as downrange) runs through the target. The z-axis (denoted as altitude) points down and the y-axis (referred to as crossrange) completes a right-handed coordinate system. The transformation of position from the ECEF to GTL frame is given below: The transformation of velocity from ECEF to GTL differs from equation 1 in that it is unnecessary to subtract a reference position.
Atmospheric and aerodynamic data are necessary to run the dynamic model for the impact point prediction. The 1976 U.S. Standard Atmosphere is built into the algorithm. The GTL z-coordinate is used to estimate altitude about sea level. Altitude and GPS-derived total velocity are used in the standard atmosphere model to estimate atmospheric density, speed of sound, Mach number, and dynamic pressure. It is significant that there is no need for added complexity and cost of providing a meteorological update to the algorithm prior to firing for better estimating atmospheric and flight conditions. Aerodynamic coefficients for axial force ( A point-mass model with normal force of the body and control mechanism is the flight dynamic model used in this effort. Adding the normal force to the model enables the maneuvers of the airframe to be included in the guidance scheme. The modeling errors for point mass are small, even when compared with the 6-DOF (22) . Moreover, this model does not need projectile states such as angle-of-attack, which are difficult and costly to obtain on a gun-launched airframe. Sensor requirements are reduced because only the GPS is necessary.
The governing equations for the point mass model with normal force of the body and control mechanism are provided:
The mass ( m ) and diameter ( D ) of the projectile is required for the calculations. Total velocity of the projectile (V ) was estimated from the GPS. Maneuver direction is supplied by the guidance command, c  . The angles for pitch ( ) and yaw ( ) of the airframe with respect to the Earth frame are obtained from the GPS velocity vector assuming small angle-of-attack.
Normal force of the body ( b N F ) was assessed using the standard relation, 
Here,  is the instantaneous total angle-of-attack. The known sinusoidal function for canard deflection with roll angle is used in this relation (
The nonlinear, coupled, ordinary differential equations in equation 4 were solved analytically using symbolic math tools. This closed-form solution was used in an iterative method, NewtonRaphson, to determine the time of impact. Essentially, the equation for the z-direction position and z-direction velocity are used to determine the time from launch until the projectile passes through the z-coordinate of the target. This equation takes the form,
The iterative nonlinear solver was run until the residual between successive estimates of the time of impact fell below a threshold of 0.001 s. This time of flight from launch to impact is used in the closed-form solution for the x and y position to obtain the downrange and crossrange impact point. A by-product of these calculations, not explicitly used in the algorithm, is the time-to-go until impact.
The roll rate is used in the endgame flight control law; therefore, the time between GPS uppulses is clocked to estimate the roll period. This calculation is simply inverted to obtain roll rate.
The flight control law is broken into three stages: ballistic, glide, and endgame. No maneuvers are performed during the ballistic phase. The optimal time to begin maneuvers for maximum control authority is dependent on the nonlinear dynamics of the airframe and varies with parameters such as quadrant elevation. A decent rule-of-thumb for optimal maneuver time of canard-controlled fin-stabilized projectiles, based on numerous flight dynamic characterizations (24) , is to begin maneuvers near apogee. An onboard clock supplies time since launch to transition to the glide phase.
The goal of the glide stage of guidance is to extend range and enable trajectory shaping by steepening the angle-of-fall. One aspect of the glide flight controller is to remove projectile drift. Drift is a flight dynamic phenomenon, which occurs due to an interaction of gravity, aerodynamic pitching moment, and projectile spin (7) . Drift must be removed in rolling airframes to maximize range otherwise energy will be spent in unnecessarily increasing the crossrange position. The flight controller providing the guidance commands during the glide phase takes the following form:
In these expressions, PG K is the glide proportional gain, DG K is the glide derivative gain, and MAX  is the maximum canard amplitude. The maneuver direction controller seeks to remove error in crossrange position and get the inertial velocity vector pointed along the downrange axis. Studies have optimized this glide controller for rolling projectiles (24) . The maneuver magnitude is saturated since the intent of the glide phase is to maximize maneuverability.
Impact point predictions are performed during the glide phase to determine the transition point into the endgame guidance. When the root-sum-squared distance in the ground plane from the predicted impact point to the gun exceeds the downrange distance of the target, then the endgame phase begins.
Trajectory shaping was achieved though a trajectory shaping parameter (the angle-of-attack  ).
A glide-induced angle-of-attack was entered into the flight dynamic model along with a maneuver direction ( c  ) to pitch the airframe over. Essentially, the impact point prediction was executed as if the projectile were to perform a down maneuver for the entire flight. This feature delays the transition from glide to endgame since the predicted impact with the down maneuver is shorter than the ballistic impact. The end result is a steeper angle-of-fall because the projectile glides for longer before pitching over. High confidence in the delayed transition point is ensured since the flight physics are built into the algorithm.
The objective of the endgame stage is to minimize miss distance. Here, the task is to find a suitable relationship between canard deflection and miss distance since the maneuver magnitude must scale with miss distance. As with the impact point prediction, the approach taken was to build the flight dynamics into the endgame maneuver magnitude controller to enable a generalized, physics-based solution.
A simplified, steady-state condition for the airframe, the equations for the normal force of the body and control mechanism are combined to write the total normal force ( N F ) acting on the projectile as
The average angle-of-attack of the projectile is near zero during the endgame since the airframe is making minor corrections in all directions to remove miss distance. The only normal force acting on the body at endgame is due to the control normal force. Control force acts at the center-of-pressure of the control mechanism and forms a moment about the center-of-gravity of the airframe ( CG ), permitting the control moment ( c M ) to be calculated:
This expression for control moment during endgame is used in a governing equation for rotational dynamics.
Transverse inertia of the airframe is trans I and   is the rotational acceleration of the body. This equation assumes an inertial reference frame is fixed to the airframe. This is usually a poor assumption; however, the nature of feedback control relaxes this condition. The angular acceleration of the airframe is expressed as a double derivative of angle (    ) using the definition of angular velocity. The rotational acceleration is re-cast as
Now, the scales for the angle and time in the angular acceleration term are defined.
These scales are chosen because the controller seeks to remove the angular error between the target and the predicted impact point over a roll cycle. The angular error was calculated in the plane normal to the line of sight from the airframe to the target. The equation for the angular error was obtained from trigonometry: 
All information required to relate canard deflection to impact error is now assembled. The final relationship for canard deflection during the endgame is provided below. A proportional gain ( PE K ) is added to take up any error in the dynamic modeling:
Qualitatively, this expression is attractive since the canard deflection scales proportionally with angular error, transverse inertia and roll rate (e.g., the larger the angular error the larger the canard deflection) and inversely proportional to the control moment (e.g., the larger the control moment the smaller the canard deflection). Building the flight dynamics into the flight control enables rapid applicability (less aerodynamic characterization, less gain scheduling) to different applications.
The errors in crossrange and downrange position provide the maneuver direction:
Stability analysis was not conducted on this control algorithm due to the system complexity. Rather, closed-loop Monte Carlo simulations are presented in section 3.
Experimental Verification During Guided Flights
Flight experiments were performed with the guidance and control algorithm outlined previously. Auto-code generation tools were used to facilitate embedding the algorithms on a digital signal processor (DSP) for real-time processing during flight. A 20-Hz update rate was used for the guidance and control algorithm during the experiments. Throughput demand of the algorithm at this rate was low on the DSP due to the closed form solution technique detailed previously. A series of laboratory experiments were performed to verify algorithm implementation prior to flight.
A 155-mm fin-stabilized projectile was fired during these experiments. This projectile was equipped with the maneuver system and GPS in accordance with the concept previously discussed. A custom-built instrumentation package, containing magnetometers, accelerometers, gyroscopes, solar sensors, and a telemetry system, were included in the projectile for diagnostic purposes. Telemetry was used to obtain guidance and control algorithm input and calculations (shown in figures 2-7 and figure 13 ) during flight.
The experiments were conducted at the Yuma Proving Ground, AZ. Full-spectrum ballistic range instrumentation, including high-speed cameras, flight-tracking cameras, tracking radar, and telemetry receivers, was used. Projectiles were launched at approximately 696 m/s muzzle velocity at a 50° quadrant elevation. A target was placed 16,420 m from the gun. The ECEF coordinates of the gun and target, as well as the guidance start time of 25 s, were input to the algorithm before loading the projectile into the gun. The velocity data contained in figure 3 are expressed in a line-of-fire (LOF) coordinate system where the x-axis is along the LOF of the gun. The y-axis is in the horizontal plane and to the right when viewed from behind the gun and the z-axis completes a right-hand system. Velocity decay and overturning are evident in the x-axis and z-axis velocity, respectively. Typical spread in the velocity data is apparent in the y-axis velocity due to the small scale.
An example of the GPS data input to the guidance and control algorithm is presented in figures
Roll rate of the projectile needed for the guidance and control algorithm is shown in figure 4 . An approximate 300% change in roll rate was seen with some relatively large roll rate changes within the first 20 s of flight. GPS data were used along with preliminary calculations, which estimated the atmospheric density, dynamic pressure, and aerodynamic coefficients to predict impact point. Downrange and crossrange impact point predictions during flight are presented in figure 5 . The number of iterations required for the nonlinear solver to converge was between four (farther from impact during flight) and one (closer to impact during flight). The glide phase in the flight controller was quickly passed through since the geometry of this engagement did not warrant glide. A value of PE K = 5 was used for the endgame proportional gain. The target was located at 16,420 m downrange and 0 m crossrange. The data in figure 5 portrays, for example, that at 60 s into flight the algorithm is predicting a downrange impact near 16,500 m and crossrange impact 50 m to the left (when viewed from behind the gun). Impact prediction fluctuated early in flight before converging to the target point. Three effects contribute to this variation: error in the flight dynamic model (likely not significant as shown in Fresconi et al. [23] ), error in the input to the dynamic model (likely significant, especially GPS data), and uncertainty concerning unknown atmospheric conditions (e.g., wind, density) that the projectile has yet to fly through (likely significant). Despite these fluctuations, the impact point prediction algorithm and guided airframe converge on the target point.
The data in figure 5 suggest that the projectile was initially flying long and to the left of the target before correcting course. These findings are supported by the GPS position data.
A snapshot of a few samples of the impact point predictions and associated maneuver direction during endgame are given in figure 6 to elucidate the coupling between the flight dynamic modeling and guidance commands. Data in figure 6a were obtained by subtracting the predicted downrange and crossrange impact point from the target point. During this snapshot, the projectile was forecast to fall short (by 45 m to 70 m) and to the left (by 0 m to 25 m) of the target. Maneuvers were commanded up and slightly to the right to remove this miss geometry as shown in the illustration of figure 6b.
(a) (b) Figure 6 . Visualization of impact point prediction-to-target location error (a) and resulting guidance canard phase angle command (b) during the flight experiments.
Guidance commands throughout the entire experimental flight are provided in figure 7 . Canard amplitude varies from minimum to maximum based on input to equation 18 . Maneuvers in all directions are commanded, which is an indicator of satisfactory guidance since impacts are predicted near the target in all directions. The surveyed impact point on the firing range for this flight was less than 1 m from the intended target. 
Six Degree-of-Freedom Modeling and Monte Carlo System Simulation
Full spectrum performance of this guidance and control scheme, beyond the experimental results, was obtained through modeling and simulation. A 6-DOF model of the system was built. Bodyfixed equations of motion for the kinematics and dynamics of the projectile were used (7, 8) .
Aerodynamic modeling consisted of terms for the axial force, normal force, pitching moment, pitch damping moment, side moment, static roll moment, and dynamic roll moment as a function of Mach number, angle-of-attack, roll angle, and canard deflection. These aerodynamics were obtained through wind tunnel testing and experimental flights (25) . Physical properties (e.g., mass, inertia, center-of-gravity) were obtained through solid modeling and measurements.
Various models were included within this simulation architecture to more properly represent physical reality in a stochastic sense. Perturbations to the standard atmosphere were included by introducing meteorological (Met) staleness. This models variation in atmospheric temperature, pressure, and density with altitude as a function of degree of Met staleness (e.g., half-hour, fourhour). Steady wind speed and direction were also included in the simulation via stale Met tables. Additionally, a Dryden wind turbulence model was incorporated.
The GPS model included bias and random error terms for position (three-axis), velocity (threeaxis), and roll orientation. A white sequence was assumed for all random errors. The noise density for the position bias error was ) , 0 ( Laboratory, field, and flight experiments were conducted to obtain realistic values for the GPS errors.
The CAS model included the actual CAS controller used in the system and a dynamic model of the CAS. Monte Carlo simulations were performed with this CAS model enabled and disabled. Both cases showed similar results. The CAS model was not used in the results presented herein since CAS control was so near ideal that adding the addition complexity showed no discernable difference and significantly increased run time.
A Monte Carlo wrapper was built around the simulation to facilitate stochastic analysis. Initial conditions of flight (muzzle velocity, quadrant elevation, gun azimuth, roll rate) and projectile parameters (aerodynamics, physical properties) were perturbed from nominal. Random number seeds ensured simulation repeatability. Impact points were the metric of interest from these simulations which enabled impact statistics to be calculated.
Expected Precision
The modeling and simulation environment was exercised to answer the following questions: what is the expected level of precision and how do the navigation and guidance and control uniquely contribute to the overall precision? In this concept, the navigation data (position, velocity, and roll) are provided by the GPS. Simulations were performed to assess the significance of position-velocity-related errors separate from roll errors. Errors due to the guidance and control algorithm were isolated by subtracting the simulation impact statistics from the navigation errors. Table 1 provides the cases that were each run for 1000 trials in the 6-DOF/system simulation environment. Nominal quadrant elevation was 50° and muzzle velocity was 696 m/s. Guidance start time was 25 s and the target was placed 16 km from the gun for the guided cases. Characterization of the ballistic dispersion, four levels of position-velocity error, and three levels of roll error were undertaken. The magnitude of position-velocity related errors are defined by a new variable: the standard deviation of the combined position-velocity error ( PV  ). Roll errors were separated into low, medium, and high categories. The magnitude of navigation errors (position, velocity, and roll) are simplified and do not represent any realistic tactical scenario. This analysis is only meant to map navigation error to precision and ultimately isolate the error in the guidance and control algorithm. The standard deviation of impacts in the downrange and crossrange directions was calculated for each case. The downrange standard deviation was mapped into the plane normal to impact to remove the effect of impact obliquity. These downrange and crossrange metrics were averaged since they were very close in magnitude to produce the impact standard deviation ( Figure 11 presents the effect of roll error on precision. Negligible differences in precision with the low, medium, and high roll errors show that the system is quite tolerant to error in roll. The airframe is rolling and actuating with a sinusoid; therefore, relatively large components of maneuver in an undesirable direction still provide a sufficient component of maneuver in the desired direction. Figure 11 . Statistics for total impact error with different levels of roll error from system simulations.
Reduced Control Effort
The optimality of this guidance and control approach for control authority-limited airframes is important to highlight. Often, constraints such as affordability, narrowed design space, and packaging limit the control authority for gun-launched applications. This situation occurred for a guided mortar program. The guidance and control algorithm of this effort was applied to this low control authority airframe. As a result, the most sparing maneuvers required to still enable successful guide-to-hit flight experiments were commanded.
Modeling and simulations were performed to illustrate the maneuver conservation aspect of this algorithm. A 6-DOF simulation of the mortar was built with aerodynamics obtained from wind tunnel, computational fluid dynamics (CFD), and flight experiments (25) . Two flights were simulated: one in which a maximum maneuver was performed throughout flight and one in which the guidance and control algorithm of this effort was used to guide to the target. Guidance started at 15 s for these simulated flights.
The lateral acceleration capability, measured in G's, was obtained from the maximum maneuver flight. The lateral acceleration commanded by the guidance and control algorithm of this effort was calculated from the guided flight. The projectile state data from the 6-DOF for the guided flight was used to compute the traditional proportional navigation lateral acceleration commands. This allows the lateral acceleration from the algorithm developed in this effort to be directly compared with proportional navigation requirements. Figure 12 shows the lateral acceleration available from this mortar airframe. Maneuverability is extremely low, less than a tenth of a G, and varies mainly with dynamic pressure. The lateral acceleration pulled by the impact point prediction algorithm to hit the target point is less than the available G's. Acceleration commands from the proportional navigation guidance law, however, are about an order of magnitude higher than the available G's throughout the flight. Proportional navigation attempts to prescribe engagement geometry for intercept which either spends all maneuverability early in flight or over-controls the airframe and correspondingly the target point cannot be hit. This underscores the importance in including the flight dynamics in the guidance and control algorithm for control authority-limited projectiles. Figure 12 . Lateral acceleration capability of reduced actuator requirement airframe and commands from impact point prediction and proportional navigation guidance.
Rapid Scalability to Other Calibers
As intimated previously, the guidance and control algorithm was also used for flight experiments of an entirely different system. A short timeframe was available between flight experiments of a 120-mm airframe and the 155-mm projectile described previously. Successful guide-to-hit flights were enabled on both calibers by this algorithm due to factors such as the minimal aerodynamic characterization and algorithm tuning required.
The guidance and control algorithm was updated with the physical properties and aerodynamics of the 120-mm mortar. A process similar to that outlined above for the 155-mm projectile was undertaken to prepare for gun firings. Comparable GPS, CAS, and diagnostic hardware were used for the experiments.
Gun firings were performed at the Aberdeen Proving Ground, MD, with similar instrumentation.
Mortars were launched at about a 62° quadrant elevation and a 233-m/s muzzle velocity. The target was located 3800 m from the gun. The guidance start time was 13 s and the ECEF coordinates of the gun and target were loaded into the algorithm before firing.
An example of the algorithm performance in flight for the 120-mm mortar, obtained through the telemetry stream, is provided in figure 13 . These data show the position error, which is the difference between the impact point prediction and the target point in the downrange (X) and crossrange (Y) directions. Trends in this data follow those described for the impact point predictions of the 155-mm projectile. Position error fluctuates before converging to zero near impact. The surveyed impact of this shot was less than 10 m from the target point. 
Trajectory Shaping
This guidance and control approach is flexible when sufficient control authority is available to enable trajectory shaping. The important point is that the guidance and control must be developed alongside the airframe to ensure that the commanded maneuvers are actually realizable in flight.
The 6-DOF simulation of the 155-mm artillery projectile was used to demonstrate the trajectory shaping feature of this algorithm. The center-of-gravity of this projectile was shifted toward the base slightly in simulation to increase control authority. Two guided flights with different values of the trajectory shaping parameter  were executed in the 6-DOF simulation. The target was placed 16 km from the gun and guidance began at 25 s.
Altitude and angle-of-attack variation with downrange distance from the simulation for the two nominal and shaped cases are presented in figure 14 . The nominal trajectory reaches about 6.5 km in altitude, but the shaped trajectory goes almost to 7 km. Impact angle was steepened by almost 20°, from 66-84°, due to this maneuver.
Angle-of-attack history provides further understanding of how this trajectory shaping takes place. The nominal flight skipped through the glide phase and performed a small pitch-over maneuver (negative angle-of-attack) when entering the endgame phase. Angle-of-attack was near zero as the projectile was on a ballistic-based collision course with the target point.
A different angle-of-attack response was attained for the trajectory shaping flight. As the trajectory shaping parameter was increased the guidance remains in the glide phase for a much longer duration (from about 8000 m to 14,000 m downrange). The glide angle-of-attack varied from near 5° to 10° due to changes in flight conditions. At transition to endgame, a pitch-over maneuver occurs for about 2 km of downrange distance because the airframe needs to pull down after gliding so near the target. Angle-of-attack is near zero for the final seconds of flight. 
Conclusions
A novel guidance and control approach for precision munitions was developed in this effort. Embedding the nonlinear flight dynamics into the guidance and control provided immense capability. Requirements for sensors and actuators are reduced. Precision was driven by the position bias error; the system was intolerant of errors in velocity and roll. Impact errors due to the guidance and control were near 0.1 m. Maneuvers were conserved, which is especially important for control authority-limited airframes. Embedded processing was optimal since a closed-form solution to the flight dynamic model was obtained. Importantly, the projectile states required for the flight dynamic model were obtained from affordable, available sensors. The generality of the algorithm permits rapid application to different airframes. Lastly, trajectory shaping was enabled through this guidance and control approach. The airframe must be developed in tandem with the guidance and control algorithm, however, to fully exploit the maneuverability available. These features of the algorithm were verified and demonstrated through state-of-the-art flight experiments and modeling and simulation.
